We explore the viability of laboratory-scale mechanical resonators as detectors for ultralight scalar dark matter. The signal we investigate is an atomic strain due to modulation of the fine structure constant and the lepton mass at the Compton frequency of dark matter particles. The resulting stress can drive an elastic body with acoustic breathing modes, producing displacements that are accessible with opto-or electromechanical readout techniques. To address the unknown mass of dark matter particles (which determines their Compton frequency), we consider various resonator designs operating at kHz to MHz frequencies, corresponding to 10 −12 − 10 −5 eV particle mass. Current resonant-mass gravitational wave detectors that have been repurposed as dark matter detectors weigh ∼ 10 3 kg. We find that a large unexplored parameter space can be accessed with ultra-high-Q, cryogenically-cooled, cm-scale mechanical resonators possessing ∼ 10 7 times smaller mass.
Introduction.-The existence of dark matter (DM) is supported by a broad range of astrophysical observations [1] [2] [3] including the anisotropy of the cosmic microwave background (CMB) [4, 5] . There however remains no clear candidate for DM in the Standard Model (SM) of particle physics, likely requiring beyond-the-Standard-Model physics to explain astrophysical data.
Two well-motivated candidates for dark matter include weakly interacting massive particles (WIMPs, which often arise in supersymmetric scenarios [6] ) and axions (hypothetical pseudoscalars that could dynamically explain extremely tight limits to CP violation in the strong sector [7] ). The majority of experimental DM direct detection efforts have focused on WIMP dark matter, with mass in the range 10 GeV m χ 100 GeV. As the allowed WIMP parameter space narrows [8, 9] , more sensitive efforts to detect axions and related DM candidates have been proposed and are indeed underway [10] [11] [12] [13] .
For low masses, m dm 10 −2 eV, axions would be produced non-thermally (in sharp contrast to WIMPs) through the coherent oscillation of a cosmological scalar field [14] [15] [16] . Going beyond the original motivation from QCD, light pseudoscalar and scalar fields with small SM gauge couplings would have similar phenomenology, with large phase-space densities justifying their treatment as a classical scalar field so long as m dm 10 eV. Cosmologically, such a particle is constrained by the CMB, large-scale structure observations, and smaller galacticscale measurements to have a mass m dm 10 −22 eV [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
From the perspective of high-energy particle theory, there is good reason to consider the 10 −22 − 10 −2 eV mass range [33] . String theory, the best-motivated framework for quantum gravity, offers a plethora of light fields [33, 34] . For example, a broad range of pseudoscalar axions emerges in the 'axiverse' scenario, often as Kaluza-Klein zero modes of new antisymmetric gauge fields compactified on extra dimensions [34] [35] [36] [37] . Scalars in this mass range also emerge in String theory as dilatons [38] [39] [40] [41] [42] [43] [44] and moduli DM [45, 46] .
Through its small but non-vanishing coupling to SM gauge fields (e.g. the photon) and matter fields (e.g. quarks and leptons), a scalar DM field would introduce a time variation in the fine-structure constant α and lepton masses in regions where there is dark matter, like our own galaxy [47] [48] [49] [50] . The parameter space for scalar DM coupling has been constrained by stellar cooling bounds [51] and by the Eöt-Wash torsion balance experiments, which test for equivalence principle (EP) violations [52] [53] [54] .
Here we explore the use of mechanical resonators as detectors for DM particles of mass 10 −12 m dm 10 −5 eV. The working principle behind this approach is strain coupling: namely, since the Bohr radius of an atom (a 0 = /αcm e ) depends on the fine structure constant and the electron mass m e , a modulation of these parameters should produce a modulation in the size of atoms, and thereby a strain in solid-state material. For the mass range above, the de Broglie wavelength is λ dm 120 m, implying that the strain is spatially uniform over terrestrial laboratory scales. It can be resonantly enhanced by an elastic body supporting acoustic "breathing" modes at the DM field's oscillation frequency, ω dm = m dm c 2 / , producing displacements that are accessible by sensitive opto-or electromechanical readout techniques [55] .
Qualitatively, our approach is similar to resonant (Weber) bar searches for gravitational waves (GW), which predate current broadband searches based on laser interferometers. Motivated by the overlap between GW and DM detection techniques, we propose searching for scalar DM in the frequency range 100 Hz ω dm /2π
1 GHz using high-Q (∼ 10 9 ) mechanical resonators of much smaller mass. We find that the minimum detectable scalar couplings are several orders of magnitude smaller than the best existing limits to scalars in this mass range.
Scalar DM.-It is germane to first consider how a scalar DM particle would interact with Standard Model particles and fields. The standard approach to DM-SM coupling is via phenomenological portals, where gauge- for dm e (assuming de = 0) [53, 56] . Solid circles are the predicted minimum detectable coupling (d dm ) min for each proposed detector, assuming an integration time of 1 year and experimental parameters described in the main text. Light blue points: (d dm ) min for the first 100 longitudinal modes of a 50 cm long superfluid helium detector. Green points: (d dm ) min for the first 25 odd-ordered longitudinal modes of a cylindrical HEM sapphire test mass [57] . Dark blue points: (d dm ) min for the first 25 odd-ordered longitudinal modes of a sapphire micropillar [58] . Lavender points: (d dm ) min for lower order longitudinal modes of quartz BAW resonators [59, 60] . Also included is the projected sensitivity of AURIGA after ∼ 10 years of signal integration (burgandy points) [61] . invariant operators of a SM field are coupled to operators containing DM fields [63] . We consider only linear couplings, denoted by Lagrangian density
where γ x is the coupling coefficient and O SM are terms from the SM Lagrangian density. For simplicity, we consider only coupling to the electron (denoted by fermionic field ψ e ) and electromagnetic field strength (denoted by Faraday tensor F µν ). Thus
Combining it with the SM Lagrangian, this coupling can be absorbed into variations of fundamental constants [43] m e (x, t) = m e,0 1 +
where φ(x, t) represents the DM field, with amplitude Φ 0 = m dm c √ 2ρ dm . In this work, we assume the local DM energy density (ρ dm ≈ 0.3 GeV/cm 3 ) [61] is entirely due to m dm . One can introduce dimensionless couplings d me and d e and consider the fractional change of constants
where E Pl is the Planck energy (E Pl = c 5 /G) [64] . The couplings d me , d e are typically referred to as dimensionless dilation-coupling coefficients [43, 56, 65] .
Dark-matter-induced oscillations of α and m e (Eqs. 4-5) drive oscillations in the Bohr radius a 0 = /αcm e . This leads to a time-varying atomic strain given by
We assume that the DM particles have virialized within our galaxy. This condition imposes a quasi-Maxwellian velocity distribution about the virial velocity v vir = κ vir c, where κ vir = 10 −3 . This scalar field maintains phase coherence over ∼ 10 5 oscillations. Throughout the rest of our analysis we will consider DM as a field with coherence time τ c = κ vir 2 ω dm −1 and length λ c = λ dm [63] .
Resonant mass detection.-A scalar DM field modulates the size of atoms (by h, fractionally) at the Compton frequency ω dm . This effect introduces an isotropic stress in a solid body (rather, any form of condensed phase matter). Considering bodies with dimensions much smaller than λ c , this stress is effectively spatially uniform [63] . Such a periodic stress may excite acoustic vibrations in the body. Note that not every acoustic mode couples to DM; a point that we wish to emphasize is that a uniform stress only couples to breathing modes.
Mechanical resonators that operate in non-breathing modes are not sensitive to scalar DM strain. An example of modes that would not be excited are those of a rigidly clamped solid bar. In this case, a spatially uniform stress will not cause any of the atoms in the bar to displace from their equilibrium position because of the zero net force on each. Without rigid clamping to impose an equal and opposite force on the edges of the bar, the bar will be free to expand. We have found that by introducing at least one free acoustic boundary, a spatially uniform stress can couple to acoustic modes. It is for this reason that we specify that only breathing modes couple to scalar DM.
To quantify the effect of DM on an elastic body (the detector), we begin with the displacement field u i = n ξ n (t)u ni (x), where u ni is the normalized spatial distribution and ξ n is the time-dependent amplitude of the n th acoustic mode; subscript i denotes the spatial component {x,y,z}. This allows us to model the detector as a harmonic oscillator with effective mass µ n = ρ i |u ni | 2 dV . It is driven by thermal forces, f th (t), and a DM-induced force, f dm (t) =ḧ(t)q n , where q n = ρ i u ni x i dV is a parameter that determines the strength of the coupling between a scalar strain and the n th mode of the detector. For driving frequencies near resonance, modes of the resonator are assumed to obey (velocity) damped harmonic motion
where ω n and Q n are, respectively, the resonance frequency and quality factor of the n th mode. Thus, the strategies developed for resonant detection of gravitational waves, originally proposed by Weber [66] , can also be applied to resonant DM detection. Resonant mass detectors are designed to have high-Q acoustic modes for mechanical amplification at frequencies where strain signals (DM or GWs) are likely to exist. Note that not all GW detectors double as scalar DM detectors. Interferometric schemes like LIGO are only sensitive to small gradients in the DM strain field [54] . (A spatially uniform isotropic strain would produce equal phase shifts in each arm of an interferometer.)
DM Parameter Space.-The parameter space for scalar couplings d me and d e are shown in Figs. 1 and 2 , respectively. Each plot includes sensitivity estimates for four candidate detectors discussed below. Also shown are constraints previously set by EP tests, the benchmark "natural d dm " lines, and the AURIGA gravitational wave search. Below we briefly review these constraints.
The Eöt-Wash experiment, a long-standing test of the weak equivalence principle using a torsion balance, has inadvertently set the strongest constraints on d me and d e . The orange exclusion region in Fig. 1(a) comes from the comparison of the differential accelerations of beryllium and titanium masses to 10 −13 precision [53] .
The naturalness criterion requires that mass corrections to m dm due to SM couplings be smaller than m dm itself. Consistent with other work [56, 67, 68] , this cutoff is chosen as roughly the energy scale up to which the SM is believed to be valid. The blue band of Fig. 1 indicates the region where the naturalness criterion is satisfied for a hard cutoff at 10 TeV.
The AURIGA detector is a 3-m-long aluminum alloy (Al5056) bar weighing 2200 kg and operating at liquid helium temperatures [61] . Initially designed to detect continuous gravitational waves [69] , the detector has collected ∼ 10 years of data, one month of which has been analyzed for a scalar DM signatures [61] . Extrapolated to its full run tume, the sensitivity of AURIGA is (d dm ) min ≈ 10 −5 for 850Hz ≤ ν dm ≤ 950Hz.
Thermal noise and minimum detectable coupling.-We consider micron to centimeter-scale mechanical resonators operating at kHz to MHz frequencies, for which thermal motion is the dominant noise source but deep cryogenics and quantum-limited displacement readout are available. We now examine the minimum detectable DM coupling for a mechanical resonator limited by thermal noise.
Over a narrow bandwidth, thermal noise is welldescribed by a white-noise force spectrum, S th f f = 4kBT µnωn Qn , which drives the mechanical resonator into Brownian motion [70] . Following Eq. (7) , this limits the sensitivity of a strain measurement to
Accounting for the DM field's finite coherence time, the minimum detectable strain for 2σ detection of the signal over measurement duration τ int is
The minimum detectable DM coupling is
which can also be expressed in terms of the minimum detectable strain as 
Log-log plot of coupling strength d dm vs DM frequency ν dm and mass m dm in de parameter space. Better sensitivities are needed to cover interesting parameter space for de coupling than for dm e . Equations (8)-(11) are analytical expressions, general to any mechanical detector of arbitrary elastic material and geometry. Equation (10) is used to generate the results for each detector in Fig. 1(a) for τ int = 1 year.
Typical h min values derived for the devices in this work are ∼ 10 −24 − 10 −23 . From Eq. (11) it is evident that higher frequency detectors require a lower h min in order to maintain the same minimum detectable coupling. This particular frequency dependence arises from the inverse relationship between the DM field amplitude Φ 0 and Compton frequency.
Another unavoidable obstacle to high frequency detection is that the DM signal's coherence time is inversely proportional to the Compton frequency. For a partially coherent signal, the relationship between h min and τ c is h min = 2 S th hh (τ int τ c ) −1/4 . Thus, a longer coherence time improves h min . The detector geometry also introduces unfavorable frequency scaling, as higher frequency resonators are generally smaller. The coupling factor q n depends on mass, reducing the amount of energy transferred from the DM field to the n th acoustic mode of a less massive detector.
For the reasons explained above, (d dm ) min tends to scale as ∼ ω dm 7/4 . Thus, designing mechanical resonators to beat limits set by EP tests for scalar DM couplings in the GHz range is difficult.
Device parameters and results.-We now consider several possible scalar dark matter detectors based on acoustic breathing mode resonators. Figure 1 highlights four resonators with gram to kilogram effective masses and kHz-MHz frequencies. Each detector behaves like a miniature Weber Bar antenna [61] . To facilitate comparison, we assume 10 mK operating temperature and a mechanical Q-factors of 10 9 , unless otherwise constrained by experiment. Specific parameters are stated in the cap-tion of Fig. 1 . Note that while the mode shapes in Fig.  1(b-e ) are rendered numerically in COMSOL , the results plotted in Fig. 1(a) are analytical.
For DM frequencies 100 Hz ν dm 25 kHz, we consider the superfluid Helium bar resonator probed optomechanically by De Lorenzo et. al. [71] (Fig. 1(b) ). To permit breathing modes, the Helium container is assumed to be partially filled. The niobium shell supporting the container is assumed to be infinitely rigid due to its much greater bulk modulus. The resonant medium is the 2.7 kg of superfluid. Assuming T = 10 mK and Q = 10 9 (limited by doping and clamping loss) [71] , the minimum detectable coupling (d dm ) min for the first 100 longitudinal modes is plotted in light blue in Fig. 1(a) . In its fundamental mode (ν 1 ≈ 120 Hz) the strain sensitivity is √ S hh = 2.5·10 −21 Hz -1/2 . Tunability of the resonant frequencies by up to 50% can be achieved via pressurization of the superfluid [72] .
For DM frequencies 50 kHz ν dm 2.5 MHz, we consider a ∼ 0.3 kg cylindrical HEM sapphire test mass intended for use in future cryogenic gravitational wave detectors [57, 73] . Green points in Fig. 1 (a) are estimates of (d dm ) min for 25 longitudinal modes with dimensions as shown in Fig. 1(c) . We assume T = 10 K as an experimental constraint due to the low thermal conductance of the test mass suspensions [74] . A quality factor of Q = 10 9 is assumed based on historical measurements of Braginsky et. al. [75, 76] , though we note a more contemporary benchmark is Q = 2.5 × 10 8 at T = 4 K [77] . In its fundamental mode (ν 1 ≈ 54 kHz) the strain sensitivity is √ S hh = 2.4 · 10 −22 Hz -1/2 . For DM frequencies 550 kHz ν dm 27 MHz, we consider a modification of the quartz micropillar resonator developed by Neuhaus et. al. [58, 78] (see also Ref. [79] ) for cryogenic optomechanics experiments. The micropillar is assumed to be scaled up in size ( Fig. 1(d) ) and reconstructed of sapphire, whose higher density and sound velocity produces larger strain coupling in order to begin to ruling out parameter space in the MHz regime with only ∼ 0.3 grams of mass. Estimates of (d dm ) min for the first 25 odd-ordered longitudinal modes, with Q = 10 9 and T = 10 mK, are shown in blue in Fig. 1(a) . In its fundamental mode (ν 1 = 550 kHz) the strain sensitivity is √ S hh = 7.7 · 10 −23 Hz -1/2 . Finally, for DM frequencies from 10 MHz -350 MHz, we consider two gram-scale quartz bulk acoustic wave (BAW) resonators [59, 60, 80, 81] . Lavender points in Fig. 1(a) are for several longitudinal modes assuming an average quality factor of 10 10 for Device 1 and 10 9 for Device 2, with Q adjusted for a few specific modes corresponding to measurements in Ref. [60] . These resonators, due to their high frequency, are predicted to beat d me EP test results for only a few of their lower order modes when operating at T = 10 mK. The strain sensitivity √ S hh ≈ 5 · 10 −23 Hz -1/2 around ν ≈ 10 MHz. Conclusion and outlook.-Well-motivated dark matter candidates with scalar coupling to Standard Model particles can be detected using resonant mass detectors. Ex-isting resonant mass gravitational wave detectors [82] are large in size and only cover a very small range of frequencies. This work demonstrates that even sub-gram mechanical resonators can be useful in detecting dark matter.
Mechanical resonators with high quality-factor longitudinal acoustic modes operating at cryogenic temperatures have the potential to beat constraints on DMcoupling strength set by tests for equivalence principle violations in the kHz-MHz range.
Future work will include broadband detection schemes for scalar dark matter coupling in the kHz-MHz regime, as well as detectors for other types of DM-SM coupling.
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Appendix A: Minimum detectable strain and integration time
Over a finite measurement time τ , the power spectral density S hh (ω) of a coherent signal h(t) = h 0 e −iωnt has an apparent magnitude
If h is partially coherent with coherence time τ c , then (A1) is only a valid approximation for τ < τ c . For measurement times τ τ c , a better approximation can be obtained by breaking the measurement into N segments of duration τ c and adding up the contributions in quadrature [83] . For a stationary process, this yields
from which a signal strength
can be inferred. We define the minimum detectable strain h min as the minimum signal amplitude h 0 needed to produce SN R = 1. For 2σ detection limited by thermal noise S th hh ,
Appendix B: Equation of Motion
Dark matter modulates the size of atoms by h ≡ h(t). In a linearly elastic medium, this effect is analogous to modulating the equilibrium position of each atom relative the center of the medium (or an edge, if that edge is clamped in place). In an isotropic medium, the effect can be modeled as a perturbation, −x i h, to the displacement field, u i ≡ u i (x, t).
The i th component of the perturbed displacement field is simply
It should here be noted that this model only strictly applies for elastic media with at least one free acoustic boundary. A bar, for example, that is rigidly clamped at one end needs to have zero displacement w i =0 at the rigid boundary. The model still applies to this case, but only if the rigid boundary is positioned at the origin x i = 0.
Navier's equations of motion [84] for the perturbed displacement field become
where ρ is the mass density of the detecting medium and µ and λ are Lamé parameters. The displacement field due to acoustic oscillations can be expanded in terms of its eigenmodes: u i (x, t) = n ξ n (t) u ni (x), where ξ n ≡ ξ n (t) gives the amplitude and phase of the oscillation while u ni ≡ u ni (x) is the normalized spatial distribution. The normalization is such that (u ni ) max = 1. Without loss of generality, we can restrict our analysis to just one of the eigenmodes u i = ξ n u ni .
(B3)
With this substitution into (B2), we recover the equation of motion for a driven, harmonic oscillator µ n ξ n + ω n 2 ξ n =ḧq n ,
where µ n = dV ρ i |u ni | 2 is the effective mass of the n th mode and q n = dV ρ i u ni x i characterizes coupling between scalar DM strain and the n th mode. Not every mode will couple. We have found that only breathing modes couple to an isotropic, spatially uniform strain. Finally, we include velocity-proportional damping ωn Qn , and random thermal noise, f th , and the equation of motion for the n th eigenmode of the medium is ξ n + ω n Q nξ n + ω n 2 ξ n = q n µ nḧ + f th µ n .
(B5)
